In this paper we use Euler-Seidel matrices method to find out some interesting results of Fubini and Bell polynomials and numbers. Some known results reproved with Euler-Seidel method and some new result obtained.
Introduction.
This work is based on Euler-Seidel matrices ( [8] ) which is related to algorithms, combinatorics and generating functions. This method is quite useful to investigate properties of some special numbers and polynomials.
In this work we use this method to find out some interesting results of Fubini and Bell polynomials and numbers. Although some results are known in this paper, this method provides different proofs as well as new identities.
We first consider a given sequence (a n ). Then the Euler-Seidel matrix corresponding to this sequence is determined recursively by the formulae a 0 n = a n (n ≥ 0), From relation (1) it can be seen that the first row and column where a k n represents the kth row and nth column entry, can be transformed into each other via Dumont's identities ( [8] ):
Euler ( [9] ) deduced the following proposition which states a connection between the ordinary generating functions of the initial sequence (a n ) = (a 0 n ) and the first column (a n 0 ).
be the generating function of the initial sequence (a 0 n ). Then the generating function of the sequence (a n 0 ) is
A similar statement was proved by Seidel in [14] with respect to the exponential generating function.
Proposition 2 (Seidel) Let
be the exponential generating function of the initial sequence (a 0 n ). Then the exponential generating function of the sequence (a n 0 ) is
In the paper [8] Dumont presented several examples of Euler-Seidel matrices using mainly Bernoulli, Euler, Genocchi, Bell and tangent numbers. He also started out to give polynomial extension of Euler-Seidel matrices. In [5] Dil et al obtained some identities on Bernoulli and allied polynomials by introducing polynomial extension of these matrices. By choosing the initial sequence from the elements of Z p (p is prime) Dil and Kurt interested the type of Euler-Seidel matrices on Z p in [7] . The paper [11] contains detailed study on harmonic and hyperharmonic numbers with Euler-Seidel matrices method. Reader also can find some results on r−Stirling numbers and a new characterization of Fibonacci sequence in this paper. Dil and Mező presented another algorithm which depends on a reccurence relation and two initial sequence in [6] . Using this algorithm which is symmetric respect to the rows and columns they obtained some relations between Lucas sequence and incomplete Lucas sequence. Besides Fibonacci and Lucas numbers they also investigated hyperharmonic numbers.
In this paper we consider Euler-Seidel matrices method for some combinatorial numbers and polynomials. This method is comperatively easier than most of combinatorial methods to investigate structure of such numbers and polynomials.
2 Definitions and Notation. Now we give a summary about some special numbers and polynomials which we need later.
Stirling numbers of the second kind.
Stirling numbers of the second kind n k are defined by means of generating functions as follows ( [1, 3] ):
Bell numbers.
The nth Bell number which we denote "b n " is the sum of Stirling numbers of the second kind as follows:
The well known exponential generating function of Bell numbers given by ( [3] ),
Single variable Bell polynomials. Single variable Bell polynomials (also known as exponential polynomials) defined by ( [12, 13] );
The exponential generating function of single variable Bell polynomials is
Following reccurence relations that we reprove with Euler-Seidel matrix method hold for single variable Bell polynomials ( [13] ),
and
By setting x = 1 at (8) we get Bell numbers that we define by the equation (6) , i.e.
Now we give a short list of these polynomials and numbers;
.
One can reach comprehensive information on these subject in [2] , [12] and [13] . 
If we fix x = 1 in (13) we obtain Fubini (or geometric) numbers F n , i.e.
The exponential generating functions of Fubini polynomials and Fubini numbers are
Let us give a short list of these polynomials and numbers as follows
Fubini and Bell polynomials are connected by the relation
Now we will state our results.
3 Results obtained by matrix method.
Although we define Euler-Seidel matrices as a matrices of numbers we can consider entries of these matrices as polynomials (see [5] ). With this generalization, the generating functions that we mention in the statement of Seidel's propositon turn out two variable generating functions. Therefore from now on when we consider these generating functions as exponential generating functions of numbers we use the notation A (t) and A (t) otherwise for the polynomial case we use the notation A (t, x) and A (t, x). These are just notations so all properties that we have already mentioned for generating functions are holds in both cases, for instance the relation (4) turns out
3.1 Results on Stirling numbers of the second kind.
If we set the entries of the initial sequence of Euler-Seidel matrices a 0 n = n m where m is a fixed natural number, we get the exponential generating function of the first row as
Also from relation (2) we have
Now we proceed as follows. By using generating functions relation (4) we will obtain another equality for "a n 0 " and then we combine it with (19). From the relation (4) we have
Now we write A (t) by means of derivative as follows
Expanding both sides of (20) generating function series and comparing coefficients give us
Hence (19) and (21) shows that
Directly from (2) and (22) we see that
These relations can be found in [10] , respectively as the equations (6.15) and (6.17) on the page 265.
Results on Bell polynomials and numbers.

Bell numbers.
If we set the entries of the initial sequence of Euler-Seidel matrices a 0 n = b n i.e., the nth Bell number we get following Euler-Seidel matrix
We observe that a n 0 = a 0 n+1 . Let us prove this observation using generating functions.
By setting Bell numbers as first row entries we have
At this step if we consider (4) we see that
Comparision of the coefficients of both sides in (24) gives the result.
With the help of (2) we have the following identities:
Here the identity (25) can be found in [10] at the page 373 and (26) is a new identity as the author's knowledge.
Bell Polynomials.
Let us take the initial sequence as a sequence of Bell polynomials, i.e. ,a 0 n = b n (x). Hence we get following Euler-Seidel matrix,
We notice that, xa n 0 = a 0 n+1 . Now we prove it. From (4) we have
x(e
x(e t −1) .
Comparing coefficients of the generating functions of both sides (27) gives equation xa n 0 = a 0 n+1 . Now by using identities in (2) we obtain
One can see that equations (11) and (28) are same. This is a different proof of equation (11) by using Euler-Seidel matrix method.
It is clear that the equations (28) and (29) are the generalizations of the equations (25) and (26) respectively. Now with the help of generating functions technique we derive some relations for Bell polynomials.
Firstly we give a new proof of the equation (10) .
Proposition 4 Let b
′ n (x) denote the derivative of nth Bell polynomial b n (x) with respect to the variable x.Then the equation
holds.
Proof. Deriving both sides of the equation (9) respect to the x we get
x(e t −1) − e
Here if we consider (9)together with(27) and write the corresponding series expansions of the right hand side we get the desired result by comparing coefficients.
Corollary 5 Bell polynomials and their derivatives satisfy following symmetric equation
Proof. This fact can be obtained by using (30) in the equation (29).
Results on Fubini polynomials and numbers
Lack of knowledge on Fubini numbers and polynomials comparing with Bell numbers and polynomials, Stirling numbers etc. in the literature. This part of our work contains some relations on Fubini numbers and polynomials, most of which seems to be new.
Fubini Numbers
Let us fix a 0 n = F n in the Euler-Seidel matrix. Then we have
Again considering first row and first column, we observe that a n 0 = 2a 0 n , n ≥ 1. Using Seidel's proposition we have,
Hence for n ≥ 1 we get a n 0 = 2F n . Equation (2) allows to write
Relations (32) and (33) seems quite simple and useful.
Fubini Polynomials
Let us set the initial sequence of Euler-Seidel matrix as the sequence of Fubini polynomials, i.e., a
Then the exponential generating functions A (t, x) and A (t, x) turns out to be,
From here by means of derivative which respect to the t we write
After some manipulating on the right hand side we get,
Comparision coefficients of both sides of the last equation gives,
or equally
Proposition 6 F n (x) Fubini polynomials satisfy the following reccurence relation
Proof. Considering (35) with the fundemental fact about binomial coefficients n k + n k − 1 = n + 1 k and making some rearrangements gives (36).
Remark 7
As a special case, we get (32) by setting x = 1 in (36).
Proposition 8 Let F
′ n (x) denote the derivative of F n (x) respect to the x. Then
Proof. Rewriting the equation (34) by means of derivative which respect to x we get A (t, x) = 1 − x e t − 1 d dx A (t, x) + A (t, x) .
After some series manipulation and comparing coefficients we get our desire.
